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special class of multistep Runge-Kutta methods with extended real stability

nterval *)

.J. van der Houwen & B.P. Sommeijer

BSTRACT

A special class of k-step Runge-Kutta methods is investigated which is
cenerated by (nonlinear) Chebyshev iteration (Richardson iteration) of an
mplicit linear multistep method. By terminating the iteration process after
'say) m iterations, a family of k-step, m-stage Runge-Kutta method is
btained of which the real stability interval can be derived for general
ralues of k and m by a special application of the boundary locus method.

'he ‘real stability boundary is maximized by choosing suitable values for
‘he coefficients in the generating k-step method. The considerations are
1ainly restricted to second order methods. Examples are given for k = 1,2,3
ind 4, and a few numerical experiments are reported with a nonlinear para-

yolic initial boundary value problem.

(EY WORDS & PHRASES: Numerical Analysis, parabolic initial-boundary value
problems, multistep Runge-Kutta methods, stability

x) This report will be submitted for publication elsewhere.







. INTRODUCTION

In various papers [2,3,4,7,9,10,11] k-step Runge-Kutta methods were
erived with extended intervals of stability for the integration of the

ystem of ODE's

1.1) == = f(Y)s Y(to) = Yo‘

hese stability intervals are as large as cm2 where ¢ is some constant
epending on k and the order of consistency and m is the number of stages
n the Runge-Kutta formula. In the class of second order methods the maximal
normalized) stability constant c so far obtained is approximately .65 for
=1, 1.19 for k = 2 and 2.32 for k = 3. The coefficients of these stabiliz-
.d methods are known in analytical form for all m (for k = 1 it is known
‘hat methods exist with a stability constant c = .82 but the coefficients are
ot defined in a closed analytical form and have to be computed by numerical
sethods [3,9]1). The derivations of the methods reported in the papers
lentioned above become increasingly complicated if k increases and, in fact,
‘or k > 3 stabilized methods have not yet been derived.

It is the purpose of this paper to present for general values of both
¢ and m a straightforward derivation of stabilized Runge-Kutta methods which
>ossess stability intervals of magnitude cmz. Formally, our starting point
is an implicit linear multistep method. The solution of the implicit rela-
tions is approximated by performing m Chebyshev type interations (nonlinear
Richardson method). This process may be interpreted as a multistep, m—stage
Runge-Kutta method. The order equations for this special class of methods
are simple linear equations for the coefficients of the generating multi-
step method. Since not all coefficients are determined by the order equationms,
the remaining ones are used for maximizing the stability interval. By
applying the boundary locus method the derivation of the maximal intervals
is rather straightforward for all k and m.

Within the class of second order methods of the type described above
we have found examples where the (normalized) stability constant c equals
.81 for k = 1, 1.39 for k = 2, 2.22 for k = 3 and 3.14 for k = 4.

In the application of the methods one should provide an estimate of




the spectral radius of 3f/3y (such an estimate is required by all explicit
integration methods). An estimate of the smallest (absolute) eigenvalue of
9f /3y is not required. By a few numerical experiments we will show that

the analysis is confirmed in actual computation.
2. SPECIFICATION OF THE CLASS OF METHODS

Let equation (1.1) be integrated by a linear multistep method, then

the numerical solution at t = t el satisfies the equation

y - bOTf(Y) = Zn: bO # 0,

(2.1) .
k
I T Kzl I:a“iynﬂ-—l’, * bKTf(yn+l—ﬂ)]’
where T = t - t_ and y_ denotes the numerical solution at t_ . This implicit
n+l n n n

relation is solved by the Richardson type process (nonlinear Chebyshev

iteration [1])

0) _ (1 _ _ -
Yn+1 = Yn® Yn+e1 T Y * Ao[yn bOTf(yn) Zn]’
(2.2)
(G+1) _ (1) _ (-1 ) _ () _
2.2) CAYEIR ) A + (1 “j)yn+1 + “j*o[yn+1 bOTf(yn+1) z 3
j=1,2,.0.,m1,
_ (m)
yn+1 - yn+]’
where
H. = 2W Tj(wo) s }\ =Z]_’
i 0 Tj+](w0) 0 LA
(2.3)
2 1+a _ -2
w w, =

= * s b B(l-a) °
0 bOB(l—a) 1-a 1 bOB(l o)

Here, o and B are free parameters and Tj(w) is the Chebyshev polynomial of




egree j in w. The result Y4 C20 be considered as the numerical a
ation at t = t o obtained by a k-step, m-stage Runge-Kutta method
umerical scheme (2.2) - (2.3) will be called a Runge-Kutta-Richard
or briefly RKR method). In fact, in the subsequent analysis we wil
2.2) as a Runge-Kutta method and not as an iteration method for so
mplicit relations (2.1).

It will be assumed that v > 1 and w, < 0, i.e.

2.4) —-bl—BSa<], g >0, by > 0.
0

he parameter B will appear to be the stability boundary of the RKR

n actual applications this parameter will be chosen according to
2.5) B = T+ (spectral radius of 3f/3dy).
'« CONSISTENCY

}.1- The local error of the RKR method

It is convenient to define the polynomials

1
Pj(z) = TJ (WO)Tj(WO + v, wlboz),

k
k=L
(3.1) o(z) = - 2 apz , a, = —1,
220 © 0
k
o(z) = X bﬂzk_ﬂ .
£=0

Let Yp = y(tz) for £ < n where y(t) is the exact solution of
through the point (tn,yn). The RKR method (2.2) - (2.3) can then b

written in the form

(0)

n+l Yn T 0,
(1 _ -
n+l Yo ° AOI ?

(3.2)

thod
ider

the




y(j+1) _ yn = uJ[] + A - A.b E ][y(j) -

n+1 0 0°0" 3y ““Yn+1
_ G- _
+ (1 uj)[yn+1 yn]

G) _ 2
+ ujxo[r + bOTO(“yn+1 yn“ )

9f /3y is evaluated at ts T is sort of a residua

v, = Ly ~ bgtEG)»

ere the order constant is uniformly bounded for
ed that 9f/dy satisfies a Lipschitz condition in

‘e will use the following lemma for deriving an e

error y ., = y(tn+1

3.1. The recurrvence relation

V. z)v + (1 - u )v

j+1 ~ “j(] tA

0 ~ *oPo -1

isfied by the function
Vs = (r - bOZ)—l[Pj(Z) - 1]u1 + Pj(z)u2

ery vector pair (ul,uz).

The proof follows easily from the recurrence re

s Pj(z), i.e.

P. .(2) = uj(l + XO - A b z)P (z) + (1 - u.

j+1 h]

et us write

g ) -1 - 3f -1 oy _
SAVE A (1 byt By] [Pj(Tay) Ilr

+ Xobo T Ej’

| defin

o and

ion fo

. for t y-

'z).




there Ej is some function yet to be determined. On substitution into

=r,u,=0and z =1 Bf/ay'

'3.2) and application of lemma 3.1 with u 2

1
re find that sj satisfies the recurrence relation

3.6)

= - 3f. - (A)_, 42
= uj(1+k0 Xobot By)ej + (1 uj)ej_]+uj0(ﬂyn+l yn" ).

[n order to obtain an explicit expression for the local error

) = Y(m)

3.7) y n+1

n+1-y(t

- exp(t Iy ()|

n+l t=t
n

7e need an expression for the vector r. From its definition (3.3) and us:

:he polynomials p(z) and o(z) we obtain

(3.3 = [mep(t 9 + exp (0007 Poleme (¢ NI,

n

-1 b+ exp(()T S0 (t §D) - bexp(r IO,

>r compactly

(3.82) = Py®],
n
where
(3.86) $(2) = (1-e*) (1-b ) + A L R R

Furthermore, we define the polynomial (note that Pm(llbo) = 1)

P (z) -1

(3.9) (z) = =— .
Qm 1 - bOZ

In section 4.2 we will see that Qm(z) also plays a rdle in the stability
analysis. The following theorem expresses the local error in terms of th

functions ¢(z) and Qm(z).




THEOREM 3.1. If ¢(0) = O then the local error can be expressed as

' - = of d. - d.
BT Ty = I 3 (T ) + T - exp(x dt)]y(t)|t=tn
2b013
- - ¢ (T’aQB)’
2+(1+a)byB n
where,cm(T,a,B) 18 untformly bounded for all t, a and B. d

PROOF. Substitution of (3.8a) into (3.5) and using (2.3) and (3.7) yields

(3.7") if the function c is understood to be

-2
T € .
m

We now show that this function is uniformly bounded in T, o and B if

$(0) = 0. We deduce from (3.5) that
Yo+l ~ Yo = dj T+ Ab. T Ej

with dj uniformly bounded in (t,a,B8). Substitution into (3.6) and

writing
2
€. = c.T
J J
yields for cj
g = ¢ = o,
c. =u.[1+ X, - ADb.T §£-]c. + (1-u.)c.
j+l ] 0 070" 9y ] 377371
+u, 0(ld, + A b.e.l?).
A J 07073

Recalling that the order constant is uniformly bounded with respect to
(t,0,B) we conclude that cj is also uniformly bounded and therefore the

£ i = .
unction c_ cm(T,a,B) g




From this theorem the order equations for first and second order
onsistency are easily derived in terms of the derivatives of Qm(z) and
(z) at z = 0. In table 3.1 the error constants and order equations are
.isted.

It may be interesting to consider the case where B is so large that
.ast term in (3.7') is negligible. It is then possible to derive from
'3.7') the order equations for higher orders of accuracy. The conditions
'third order accuracy" are also listed in table 3.1. Since in actual
ipplication the parameter B will be chosen according to (2.5) we usually
1ave B >> 1.

In this paper it will be assumed that all methods satisfy the (zero-

)rder) condition
(3.10) $(0) = p(1) = 0.
In example 3.1 we illustrate the use of table 3.1.

Table 3.1. Consistency conditions for the RKR scheme (2.2)-(2.3)

P = 1:C0 = ¢(0) = 03 Cl = Qm(0)¢'(0) -1=20;
p = 2:C, = 3 Q (0)$"(0) + Q (0)¢" (0) - 3 =0;
Cyy = £ Q08" (0) —x =0, B> 1
p=3
¢,y = 3 [Q(0)4"(0) + QU(0)$'(0)] = 0.

EXAMPLE 3.1 Let (2.1) correspond to the consistent one-step formula

o'
]

1 =D

1 0’ p(z) =z -1, o(z) =bz+1-D

0 0’

then

$(z) = -z.




tue of table 3.1 we have first order consistency if Qm(O) = -1, i.e.
Pm(O) = 0.

an be achieved by choosing

cos Ll 1
2m
o = .
m
cos — + 1
2m

. order consistency is also possible if b0 satisfies the relation
m
b - Yyp ) = o m
0 2" m 0 B.L :
sin 5

ls of the above type were consider in [5] in connection with multigrid

ls for parabolic differential equations. O

'his example shows that starting with a first order consistent linear
step method, a second order RKR method can be obtained by a suitable
: of the coefficient bo. Conversely, a second order one-step RKR

| is not possible if we would have started with the (second order)
toidal rule. Therefore, in the following sections we do not not

: a priori consistency of the generating linear multistep methods.

jolution of the order equations

[n this subsection we solve the order equations for p = 2 and express

cror constants C31 and C32 in terms of the coefficients ap and bﬂ’

1e parameters LA and LA

7rom the definition of ¢(z) it follows that

$0) = =] ap, ¢'(0) = -1 -} (1-D)ay, - ] by,
1) ¢"(0) = 2by = 1 -] (1-1_)232 -2 7 (1-2)bys

"l. - - - 3 -— - 2
$™(0) = 3b, - 1 Y (1-2) a, 32(12)%,

all summations run from £ = 0 until £ = k. Furthermore, from the




lefinition of Qm(z) we derive

T (W t+w,)
_ "m0 1 _
©O =Ty b

T (watw, )=-T (w.)-w T’(W +w,)
~y ~y _m 01 m 0 'm0 17,
by 31(0), §'(0) =

(3.11b) Q;(O) Tm(wo)

WZ
1

2
[1-(w0+w1) ]Tm(wo)

Q(0) = b] 6;(0), a;(O) [(WO+WI)TI;(WO+W

szm(wowl)] +2 Q' (0).

Assuming that appropriate values for the parameters LA and LA (see below
are given we can compute Qm(O), 6;(0) and a;(O), and solve the order
equations in terms of the coefficients a, and bﬂ' For that purpose we

write them in the form

1: ¢(0) =0, ¢'(0) =

o)
]

1
CNON

Q,(0) - 26" (0)
()

o)
1

2: ¢"(0) =

with the error constants

1

(@]
]

[Q, (0™ (0)-11,

o

31
(3.12) N . _
Q! (0)[q_(0) - 263’ (0)1 + b A1 (0)Q, (0)

C,y = b 5
2q_(0)

32 0

Substitution of (3.11) yields first order consistency if

k k
1
(3.13a) a,=1- ) a,, b == ) [(1-8)a, + b,] = b, = ==
1 222 1 222 L "L 0,0




b0 and a,, bﬂ with £ > 2 are still free parameters (note that ag = -1).

. order consistency is obtained if

Qm(O) k A
) b, = [1+Q(0) } (1-8) ((1-L)a, + 2b))]

2Qm(0) £=2

g ay and bﬂ’ £ =2 2, as free parameters. The error constants are easily
ted by substitution of the coefficients ap and bg' For k = 2 it is

le to make them zero by replacing (3.13b) by the equivalent condition

2b,.Q (0) - Q (0) I
b) a, = 0’m 5 Qm‘ + 2b, - ) (1-£) ((1-£)a,+2b,)
Qm(O) £=3
fining b0 and b2 according to

Q_(0) Q_(0)

b = ’

° 2370 - o (T (@
)
on(O) - (0)
b
S {0

k

- 1 (-000-£)(2-t)a, + (5-30)b,1,
£=3

:ain third order consistency as B + «.
n this paper we investigate the case where Qm(O), Q;(O) and Q;(O)

)re or less independent of m as m >> 1. This is achieved by choosing

® and c are constants. (c will be called the stability constant).
s:rmore, we want to satisfy condition (2.17) once and for all. Sub-

:ion of (3.14) into (2.4) yields




3.15)
o that
3.16a)

here ¢

.€.
3.16b)
he rel
his pa
We
"
im(O) .
3.17)

re f£ind

3.12b)

1

]— = __4__ as m >> 1
2 29 2
mbyte 5 bd

), and therefore (2.4), is satisfied if we put

-4
b0(62+82) ’

small real constant, and if we choose m sufficiently large,

2 1 1 -1
>m. 2 e{[120(1 + £)% - 9512 - 5} % a5 ¢ << 1.
0 2

(3.14) and (3.16) will be assumed to be satisfied throughout

ow in a position to derive expressions for Qm(O), 5&(0)

the relations

6 92+52 62+€2
= cos — + w, = -

b
TR

2m2(l+tg22—eI£)
ibstitution into (3.12) that

cos 6 ~ cos 6

©0) =gFF7—— -1

1 Tm(wo) cosh €

-1 as m >> 1

1

0 1
(0) = 23 -1 -
1 T (w.) )
m- 0 sin - Tm(wo)
2 2, .
~ cos 8 _ (6"+e")sin 8
" cosh & I * 979 cosh ¢ as m >> 1,
W, cos 8/m m, sin 6 mzw% cosd
') = (———m™— - 2) ——— -2+ (2 - )
n . 2 . 0 . T (w,)
sin“6/m sin E-Tm(wo) sin“6/m m 0

(562+€2)(92+€2)Sin9 PN [862-(92+€2)2] cos O
463 cosh ¢ 462cosh >

as m > 1,

ne




’he consistency conditions (3.13) can now be solved in a straight-

:d way. It should be remarked, however, that in the case of vanishing
constants C3j the coefficient b0 defined by (3.13c) has to be positive
ler to satisfy condition (2.4). Let us consider the expression for

m -+ «, Substitution of (3.11b') yields

9 ezn [512 0 _ 1
D] b, = as m > ® ,

0 .
n[(62+ez)cos 6 + (392—82) El%_ﬁq

-4 sin2 ]

we have written n = 2(cosh € - cos 6)/(62+ez). A straightforward

lation yields

6 =0 : b0 = 2n(:-n; = lg— as £ << 1,
(4 - =€)n -4 €
3
4n® (cosh € +1) 8
B =mm: b, = cosh € = = ase<<1.
0 2 2.2 2
(n7+e™) T

-hese expressions it may be expected that b0 is also positive for

> values of m.

Summarizing the results of this subsection, we may conclude that

1y given paif (8,€) and all k a 2(k-1)-parameter family of second
RKR methods exist which satisfy the condition (2.4) if m satisfies
5). Also, for all (6,e) such that the expression for b0 in (3.13c)
sitive and for k = 2 a 2(k-2)-parameter family of "almost'" third
RKR methods exist which satisfy (2.4) if m satisfies (3.16b) and
1.

he approximation error

A necessary condition for convergence of the numerical solution to the
solution of (1.1) is the convergence of the discrete scheme to the
auous problem as T - 0. Let us write the RKR scheme (2.2)-(2.3) in

orm




L v=0,
T

v is an interpolating function v(t) such that v(tn) =y, n= 0,1,

ntinuous problem (1.1) is written as
Ly =y - f(y) =

t) be a function of sufficient differentiability, then by a simila

tion which led to (3.5) we find that

Ly = v Iy(ern-y () - Qu(r 5Ix() + 0(x) T,
the quantity r(t) is of‘the form (cf. (3.3'"))
r(t) = [1 - exp(T-——)+exp((l-k)T )o(exp(r ) 1y (1)

- T o(DE(E)) - Lo (1) =by=(k=1)a(1) Iy (£)7 (£)+0

M 3.2. The RKR operator LT can be approximated by

. ~ e~ f .~ Of
Fy Cof(y) e,y + C, R + Cq 3y f(y)l + O(T ),

—
-
<
]

L]
I

1 - Qm(O)[p'(l) - 11
0=~ Q@)
Q (O [-4+G-1)p" (D+he" (DT - §

al O
] ]

ol
|

= Q;(O)[p'(l)—l]+Qm(0)[(k-1)0(1)+b0—0'(1)]

l

C3 = —Qé(O)c(l). O

Taylor expansion of the right hand side of (3.18) and using p(1)
straightforwardly to the result (3.19).
't is easily verified by means of table 3.1 and the definition of

‘hat EO/F =1 iff p > 1.




'hus, the numerical scheme approximates the differential equation (1.1)
. 1is consistent (p21). We will call the quantity (p=1)

of .

_ __!_ - ~ N_ NE
A(t) = Ly FLTY (Cly +C, 3y 7 * Cy 5y f(y) + 0(t)]

r
F
proximation error of the numerical operator LT. In the following it
jumed that p = 1.

widently, the numerical scheme poorly approximates the differential
on (1.1) as the factor F becomes small. This leads us to the criterion

luire the factor

F = —Qm(O)[p'(l)—l] +1=- Qm(O)U(l)

:iently far away from zero. F will be called the normalizing factor.

le emphasize that so far the function y(t) in (3.19) is an arbitrary,
:iently smooth function. In the special case where y is a solution of
fferential equation Ly = O the approximation error A(t) differs from
ical error discussed in the preceding section by a factor tF, so that

‘tue of theorem 3.1
- 1 of, a - d_
At) = w0t 39) ¢(r ) + T - exp(t ) Iy(t)

3

2bOT
- Cm(TsasB)} .
2+(1+a)b03

\l1though small values of the normalizing factor F will decrease the
¢y of the RKR method it does not necessarily lead to a less effictent
.a. To see this we express the approximation error (3.22) in terms

» total number of evaluations of the right hand function f needed for
rating the interval [0,t]. Let p be the order of consistency then it
s from (3.22) that

A(t) = Cét) P
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there C(t) is independent of T. The number of f-evaluations is given by

t s 1
N=mt-= tL//V pectral radius
T cT

7ith m constant and where we have assumed that the integration steps are

lefined by (2.5). Elimination of T yields

2
—EﬁEl—-[Eiuspectral radius1®.

c'F N

3.22%) A(t) =

fhe function C(t) depends both on the integration formula and the problem

it hand. For example, in the case of a second order RKR method we have

of

c(t) = c31 y (t) + 032
sence for a given problem and a given number of f-evaluations the accuracy

>f the numerical scheme is controlled by the expressions

(3.23) C35, j=1,2.

c2F
This suggests to look for formulas with large values for the stability
constant ¢ and the normalizing factor F as well. In the next section where
the stability constant is computed, we will see that usually stability can
be obtained for large values of c provided, however, that F is small. This

and in view of (3.22') leads us to define the normalized stability constant

(3.24) ¢* = /P,

4. STABILITY

We will consider the internal stability properties of the class (2.2)-
(2.3), that is the stability behaviour within a single integration step, and
the step stability which deals with the accumulation of errors in a number

of successive integration steps.




[nternal stability

[n view of the possibly large values of m we have to consider the
fication of errors within a single integration step. In first approxi-

1 these errors are described by the relation

G+1) _ ?f (J) _ G-1
Ay v1 = M [1+A0 ObOT 3 (y )]Ay + (1 u )Ay ST
the Ay(J) are perturbations resulting from an initial perturbation
of y( ). Applying lemma 3.1 with u, = 0 and u, = Ay(+z reveals that

is solved by

(J) of (0)
n+1 Pj(T ay (Yn))AYn+1-

Ne will call the scheme (2.2)-(2.3) <nternally stable if the eigen-
s of the matrix Pj(r 9f/dy) are on the unit disk for j = 1,2,...,m.

IPj(z)l < 1 for z € 1A, j=1,2,...,m,

A denotes the (negative) spectrum of %g-at tn. From the definition of

it follows that (4.3) is satisfied if (2.4) is satisfied.

Step stability

The stability in subsequent integration steps can be described by the

tional equation

= of (m-1)
Ayn+1 - um [1+A0 XObOT oy (Yn)]Ayn+l
_ (m-2) _
+ @ um-l)AynH um-l>\0AZ
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_ _ 1-k of 1-k_
4.5) AL = {[E=p(E)E "1+ 1 5y (yn)[c(E)E bOE]}Ayn-
ere, E denotes the shift operator (Eyn = yn+l) and p,o0 are the polynomials
efined in (3.1).

'HEOREM 4.1. For the model problem dy/dt = 8y the characteristic equation

orresponding to (4.4) is given by
4.6)  Q(@p(@)-z0(x)] + B ()T ' (1-0) = 0, 2z =18,

here P and Q are defined in (3.1) and (3.9), respectively. 0

)ROOF. It is easily verified (by using lemma 3.1) that (4.4) can be written

]

‘i - of - of
‘rom (4.5) the equation (4.6) is now immediate. 00

Stability and the stability region can be defined in the usual way.

Ve will use the definitions (cf. [6, p.661):

JEFINITION 4.1. The scheme (2.2)-(2.3) will be called stable for given z if
111 roots Cj(z) of (4.6) satisfy the inequality

(4.7) 5@ <1, 5= L2,k

This scheme will be called stable for a given equation if it is stable for
all points in the region tA; if strict inequality holds in (4.7) we call
the scheme strongly stable, otherwise weakly stable. The scheme will be
called zero-stable if lcj(O)l < 1 those on the unit circle being simple

roots. O

THEOREM 4.2. The scheme (2.2)-(2.3) s zero-stable if the equation




P (0)p(2) - ¢+ 511 - p(2) = 0

ts roots on the unit disk those on the unit circle being simple roots.

O

, The proof is immediate from (4.6) and (3.9).

Je remark that £ = 1 is a root of equation (4.8) for all consistent
athods (if p = 1 then ¢(0) = p(1) = 0). Hence, zero-stability implies

the derivative of the left hand side of (4.8) at £ = 1 does not vanish,

P (O)p'(1)-11 - o' (1) # O.

:ondition also follows from the convergence condition F # 0 (cf. (3.21))
ilar situation holds for the linear multistep case (cf. [6, p.331).

The stability region is most conveniently obtained by apblying the

ary locus method (see e.g. [6, p.82]). For that purpose we introduce
rigoniometric polynomials

X kL
C,(d,9) = )} a,d [sin(®-1)y - d sin £ y1,
1 £=0 £

P

) @ = § b, & lsince-1)y - 4 sin £ 7,

£=0

o

S@,9) = ] a b, a1 o G-y,
i50=0

d is a positive parameter (damping parameter).
EM 4.3. Fet the RKR method have characteristic roots less than d in

tude in a point 2" of the interval [zo,zl]. Then the characteristic
satisfy |c(z)| < d for all z e [zo,zlj if the curve

. Pm(Z)

) z=q?—, zOSz 1

A
N

not cross the curve
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c,(d,¥) - _s@w

Cz(d,lll) > dk_lcz(d,w) >

(4.14) z =
vhere 0 < Y < ™ and Cz(d,w) # 0, or the straight lines

.k L%
(4.15) 7 = [Red(delw Y1z - [Rep(delw )7
dk—ltcos(k‘l)w*—d cos ky*1

where w* s a solution of the three equations

(4.16) cl(d,w) =0, cz(d,¢) =0, S(,p) =0, 0<y < m. O

PROOF. Let us write the characteristic equation (4.6) in the form
20(2) - 2z £ (1-0) = 0(D),

where z is defined by (4.13).

Considering z temporarily as an independent variable, one may think
the (z,z)-plane as divided into two regions: a region S, where IQI < d and
a region S_ where lc[ > d. These régions are separated by the curve (or set

of curves) given by (boundary locus method)
G17)  zo(deVy2d e D 4oty = g™y, |yl < .

This equation can be represented in the form

w50+ 0)

with
A+ iB = o(detV), E + iF = p(de™")

cC = dk—l[d cos ky - cos(k-1)yl, D = dk—l[d sin ky - sin(k-1)y].




z,;) =(Z®W), i(w)) denote the solution of (4.17'). Then this curve
ites the stable (z,z)-points of S, and the unstable (z,Z)-points of S_.
in our case we are only concerned with points on>the curve (4.13),

7e stability in the interval [z 1] if all points on (4.13) are in

0°%
s, we have to find the location of the curve (Z(¥), Z(¥)).

ividently, (4.17') is solved by

(z,3). = (AD-CB) | (ED-CF,AF-EB) if AD-CB # O,

Az + Cz = E if AD-CB = ED-CF = AF-EB = 0
. A (A#0 v C#0),
Bz + Dz = F if AD - CB = ED - CF = AF - EB = 0

A (A=0 A C=0).

itution of the expressions for A,B,...,F reveals that the curve

Z(w)) can be presented in the form (4.14) and (4.15). Notice that
be restricted to the interval [0,7] because Z(y) and %(w) are even

ions of V.

Since we assumed stability in at least one point z* e EZO’ZIJ’ the
(z*, Pm(z*)/Qm(z*)) lies in the region S+: we may conclude that we
stability if the curve (4.13) does not cross the curves (4.14) and

). o

We observe that in the special case where

k-1

k
a(z) = byt + b,T

1
guations (4.16) only possess the common roots w* = 0 and w* = T so

the lines (4.15) are given by

~ o(d)z - p(d) ,

3= 5 20z - p(=d) |

& 1r-a7 ) 1443

gure 4.1 we have illustrated a typical example of the location of

urve z = Z2(¥), Z = E(w) (for d = 1) and the curve (4.13).
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A\ 4
N

(4.14)

|
. |
\ ; \ P (0)

\ '\ /‘ m
\ ! . 0,———
] SRRCROR
\ I -7
V! -
.\ , _ ///
.\//’//
_ -7 5 1bg?
l—Tm(wo)
Lgure 4.1. The curves z = Z(¥), Z = E(w)
and z = P_(2)/Q (2) . . , for d = 1

This figure suggests to force the curve z = Pm(z)/Qm(z) "below" the
ixve z = Z(Y), z = i(w). The following Corollary of theorem 4.3 reflects

ich a situation.

JROLLARY 4.1. Let the RKR method have characteristic roots satisfying
1. Let the equations (4.16) have no solutions except for

m, and let the following conditions be satisfied

A

c(-em®)| < d
=0 and w*




-o(+d)[ +T_(wy)]

bo = T & ’
) (¥d) [1zxd]
(12)a* (1-byz) < GDFTIHT_(w)) oGz -0 GA)T 3
P (z)
m 1 k-1 .
b) zg};j-s 5(-1) [o(=1)z=-p(~-1)] for z, <z < 03
-1
1+ bOCI(d,w)Cz(d,¢) . S(d, )
- k-1
1+ T (wy) d” C,(d,¥)
)
Cl(d,w)
for -ecm” < - E;?E?ﬁ? < zq and 0 < ¢ < 73
-1
y PaCE G ) S(1.0)
- yeol c,(1,y)
Q (¢, (1,1¢; " (1,9)) 2
Cl(l,w)
for ZO.S - <0and 0 <y < m,

C, (1,9)

. . . . 2 . .
z, is some point in the interval [-cm ,0]. Then the method is sta

0
11 z € [—cm2,0] and the characteristic roots are bounded by d in t

val [-cmz,zoj. O

. The interval [—cmZ,O] is divided into two parts [-cmz,zoj and

l. In the interval [—cm2,20] we "have used the inequality

Pm(z) l—boz

<
Qm(z) 1+Tm(w0)

3

1 the interval [zO,O] we required that
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P (z) o
O] <Z().

m
Q, (2
splication of theorem 4.3 yields the inequalities (4.18). O

It should be remarked that the conditions (4.18) simplify if we choose

=0, d = 1. Then (4.18a) reduces to a simple condition on the coefficients

and b

e Lz
_ 14T (w,) k
t8a’) ) ay s ——— , by = .m0y (—1)}&%,
L<k/2 Tm(w0)+1 1-—Tm(w0) £=1

here we have used the relation p(1) = 0; the conditions (4.18b) and (4.18d)
re automatically satisfied. However, the condition (4.18c) becomes rather
estrictive and we are in danger of throwing away some interesting formulas.
n the other end of the scale one has zy = —cm2 which takes all stable
ormulas into account. On the basis of figure 4.1 it seems that the point
here Pm(z) assumes its first extreme value (when starting in z=0) is a

‘easonable choice, i.e.

0 T
cos — -~ cos —
4.19) z, = —s , 0
bo(cos e wo)

A
D
IA
3

'he reason for introducing the parameter z in corollary 4.1 is the reduc-
ion of the computational labour in checking the stability conditions

n theorem 4.3 numerically.

Finally, we remark that the condition on the characteristic roots

it z = -cm2 implies the necessary condition o(1) > O. This immediately
‘0llows from (4.6) if z = —cm2 is substituted, i.e.
1+b m?c

0

k-1
— & (1-%) = 0.
1=(-1)"1_(w;)

o(z) + cmo(z) +

7or large positive values of r the left hand side is positive, hence if

= 1 the left hand side, i.e. cmzo(l), should also be positive otherwise

r
2




ast one characteristic zero > 1 exists.

Derivation of stability intervals for second order formulas

In this section we consider the stability interval for a few methods

ssed in section 3.

Application of corollary 4.1 with zy = 0 and d = 1 yields

T (w.)-1
m_0 b.+b, >0.

S Tl SO LT S L IS

(3.13a) and (3.13b) it follows that for a given pair (8,e) the second
RKR method is uniquely defined by

Q (0)
23 (0)

_ Q (0) 1
1

D) a, =1, b b

0

~
2.0 W
itution into (4.19) results in the condition

) Q (0) N T (wg)+1

") b > .
26;(0) 2(Tm(w0)—cos 6)

0

. we want a stability boundary B as large as possible we should identify
th the lower bound in (4.19') (cf. (3.16a)). Solving the resulting
:ions leads to

T (w,)-1 2

0 8m
) 6=1r,b=%,b=%-—2———,a=],8=—————,
1 Tm(wo)+1 1 ﬂ2-+€2

s £ is still free and m should be sufficiently large in order to satisfy
b).
The error constants in the local error follow from (3.12) and are

1 by
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1 ~ 1 _ ﬂz

.22) 031 =~ %> C32 =7 32(1+Tm(wo)) as m >> 1.

It is interesting to observe that the method (4.21) almost possesses
e maximal real stability boundary attainable within the class of all
.cond order, m-stage Runge-Kutta methods. In [ 3] it was calculated that
Je maximal stability constant c is a slowly increasing function as m
\creases with limiting value .82 ..., whereas in (4.21) we find ¢ ¥ .81
>r small values of €.

In the preceding analysis we chose zy = 0 (and therefore d = 1) in order
> derive the optimal formula by analytical means. In practice, one wishes
E course some damping of the higher harmonics and should choose d < 1 and
>nsequently zy < 0. The optimal formula is then to be obtained by check-
ag numerically the conditions of corollary 4.1 over a range of values

»r 6 and selecting that formula which gives rise to a maximal stability

oundary B.

= 2

Again we apply corollary 4.1 with zy = 0 and d = 1. Condition (4.18)

educes to

: 1+T (w.)
4.24) a, = -, by = (by=b)) .m0
1+Tm(w0) ]—Tm(wo)

efining a and b1 by (3.13a) and a, by (3.13'b) we obtain a family of
econd order formulas in which the coefficients b0 and b2 are free for

ny given (8,e). Choosing bo as small as possible, i.e. bO satisfies

1+T_(w.)
4.25) by = (byb) —22—,
1-T_(w,)
e find for B an expression in terms of € and 6. For large values of m this

sxpression reduces to




. = 4L142T (wy)- cos 0] _ 9 sin 6 12
(1+Tm(w0))(62+32) 8(T_(w,) - cos6)

maining stability conditions of the corollary were checked numerically
. range of (e,e,bz) values. In the table 4.1 we have listed a few

'S (e,s,bz) and corresponding values of c,F,C31 and C32 which generate

yle formula for m >> 1. These figures show that the stability constant

le normalizing factor, respectively, slowly increase and decrease if

e decrease (with the limiting value c¢c = 4/3 as 6 and € + 0). However,

vefficient bO becomes rather large for small values of 6 and € (for

4.1 Stability constants, error constants and normalizing factors for

the RKR method (3.27), (4.23) if m >>1

2 31 32

w/2 0 1.153 1.398 -.233 .096

/3 -.2 1.245 1.252 -.260 .092

n/4 -.6  1.280 1.106  -.277 .090

n/5 -1-0  1.296  1.069  -.282  .089

/5 -1-0 1.301 1.095 -.280 .089

/5 -1-1 1.303 1.062 -.283 .089

0 - 4/3

/5 and € = .05 we found b0 = 7.7), so that it is recommended to choose
xample € = .2, 6 = m/3 and b, =-.2 which results in b, = 2.8,
-.17 and a, ¥ a, = .5.
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For k = 3 and k = 4 we checked the conditions of corollary 4.1 by
jumerical means. In table 4.2 the values of those coefficients ap and bﬂ
ire given which were used as optimization parameters in our numerical program.
'he remaining coefficients immediately follow from the order equations
‘3.13a) and (3.13b). In all cases listed in this table, a zero-value for
:he parameter 6 turned out to generate the largest c-values for a prescribed
ralue of the normalizing factor F and the parameter e. It is clear from
:he values found for ¢ and F that large stability constants are to be paid
for by small normalizing factors and consequently reduced accuracy.

Finally, we consider the case of vanishing error constants. From (3.13c")

ind (3.16a) it follows that

nl(e%+ehcos 8 + (307-c?) 2L 1 - 4 sin’ g
c =2 : as m > <,
0% (o%re M2 - 13

[t can be verified that ¢ = c(8) increases from c(0) = 4/10 to c(m)

1/2.
In table 4.3 a few cases are listed which satisfy the conditions of corollary

t. 1.

Table 4.2. Stability constants, error constants and normalizing factors for

three- and four-step RKR methods with 6 = 0, ¢ = § and d = 0.9

*

bo b1 b2 b3 b4 a4 c F c C31 032 m1
I % 8354 % O 0 o0 2.22 1.02.22 -.56 .06 7
T 22 _.2823 -2 -2 o 0 2.91 .52.06 =-.70 05 6

10 L] 5 5 L] o ® 9 °

35 6 4
IIT 32 -.6165 -3 -2 0 0 457 .11.45 -.83 .03 4
W 1 -.9116 —% —;— O 0 16.00 .01 1.60 =-.96 .0l 5
v —1;1 .8177 % —% 0 & 4.44 .5 3.14 -1.24 .03 4
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Table 4.3. Stability constants and normalizing factors for three—step

RKR methods with vanishing error constant and d = 0.9

*
€ 0 bo bl b2 b3 C F c m1
VI 1 0 10.752 -8.763 1.053 —%— .37 1 .372 -2
VII 1 0 10.752 -7.466 4.838 %— .37 3 .537 2
VIII %- b .821 - .366 .340 0 .48 1.5 .551 9

5. NUMERICAL EXPERIMENTS

We will demonstrate that the RKR methods derived in this paper can be
used for the integration of nonlinear parabolic initial-boundary value
problems. In particular, we will show that the extremely large integration
step allowed by the linear stability theory can actually be used in (highly)
nonlinear problems. ‘

As test problem we chose [8]

IN
t
IA
—

(5.1) — = Au", 0

with initial and boundary conditions on the unit square such that the

exact solution is given by

(5.2) u(t,x,,x,) = [%(2t+x1+xz)]1/4.

This problem was semi-discretized on a uniform grid in the (xl,xz) domain
with square meshes of width h = 1/20 using the usual five-point difference
formulas.

The resulting system of ODE's was integrated by the RKR methods listed
in the tables 4.2 and 4.3. The starting values Yoy 2 k-1 for these
methods were derived from the exact solution (5.2). This of course implies

that the accuracy at the end point for large T may be considerably higher
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han the accuracy obtained if the starting values are computed numerically.

'he numbers of significant digits defined by the expression

5.3) sd

- 1og10“exact solution of (1.1) - numerical solutionl

ybtained in t 1 are given in table 5.1 for a few values of the integration

itep T. In addition, the total number of right hand side evaluations is

riven. This number is related to t by the formula
/
'5.4) N = Z m s

7here

0 = ///spectral radius .1 o V/,E-éﬁ{1+t +1)
n c c h2 n

fable 5.1. (sd/N)-values for the methods I,II,...,VIII listed in the tables
4.2 and 4.3 obtained for problem (5.1).

t=1/5 t=1/10 7=1/20 t=1/40 T=1/80 t=1/160

I 3.89/305 3.03/425 4.32/599  4.81/849  5.35/1212 5.91/1730
I1 3.18/267 3.24/372 4.08/524  4.18/797 5.07/1064 5.62/1529
IIT  2.53/213  3.18/295 3.35/422 3.99/598 4.50/856  5.11/1240
v 1.91/115  2.53/160 2.09/229 1.14/327 unstable (m<m1)

\ 2.69/217 3.58/304 3.97/428 4.66/607 5.18/867  5.83/1259

VI 3.64/741 3.87/1034 4.22/1451 4.31/2050 4.58/2906 5.45/4129
VII  4.11/741  4.48/1034 4.64/1451 4.96/2050 5.05/2906 5.94/4129
VIII 3.41/652  4.22/917  4.75/1279 4.46/1805 4.28/2558 5.30/3638
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